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Abstract 

We prove the existence and uniqueness of tempered random attractors for stochastic Reaction- 
Diffusion equations on unbounded domains with multiplicative noise and deterministic non- 
autonomous forcing. We establish the periodicity of the tempered attractors when the stochastic 
equations are forced by periodic functions. We further prove the upper semicontinuity of these 
attractors when the intensity of stochastic perturbations approaches zero. 
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1 Introduction 



This paper is concerned with the existence and upper semicontinuity of tempered attractors for 
stochastic Reaction-Diffusion equations on unbounded domains with deterministic non-autonomous 
forcing. Given r € R, consider the following stochastic equation with multiplicative noise defined 
on (r, oo) x M n : 

du du 

— + An - Au = f(x,u) +g(t,x) + auo ~^^ (1-1; 

where A and a are positive numbers, g € L^ oc (R, L 2 (R ra )), / is a smooth nonlinearity, and u is 
a two-sided real-valued Wiener process on a probability space. The stochastic equation (II. ip is 
understood in the sense of Stratonovich integration. 
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When the deterministic forcing g does not depend on time, we can define a random dynamical 
system for equation (jl.ip over a probability space. The probability space is responsible for the 
stochastic perturbations and can be considered as a parametric space. The existence of random 
attractors for systems over a single probability space has been investigated by many experts in the 
literature, see e.g., [DllElEllTJEligtiniEra references 
therein. The reader is also referred to [TJ W7\ [T51 I2U[ I3T] for the existence of random invariant 
manifolds. In this paper, we study random attractors of equation (jl.ip when the deterministic 
forcing g is time dependent. In this case, we need to introduce two parametric spaces to describe 
the dynamics of the equation: one is responsible for deterministic forcing and the other is responsible 
for stochastic perturbations. The existence of random attractors for systems over two parametric 
spaces have been recently established in [36J, where the structures of attractors are characterized 
by random complete solutions. In the sequel, we prove the stochastic equation (jl.ip has a tempered 
random attractor in L 2 (M ri ) when g is a general function depending on time. We then show the 
tempered attractor is actually periodic in time if g is time periodic. It is worth noticing that the 
existence of periodic random attractors was first established in [19] for a model of quasigeostrophic 
fluid. 

A second goal of the present paper is to prove the upper semicontinuity of random attractors 
for equation (jl.ip when the intensity a of noise approaches zero. This kind of continuity for 
attractors has been studied by many authors, see e.g., [HI [T2J [231 I2H ISS [M] for deterministic 
attractors, and [6j [30| [37] for random attractors without deterministic non-autonomous forcing. 
We here want to prove the upper semicontinuity of random attractors of equation (jl.ip when g is 
time dependent. As far as the author is aware, this paper is the first one dealing with continuity 
of random attractors for stochastic equations with deterministic non-autonomous forcing. We will 
first prove an abstract result and then establish the upper semicontinuity of tempered attractors 
for (jl.ip with time dependent g. 

Note that the stochastic equation (|1.1|) is defined on the entire space M. n . Since Sobolev em- 
beddings are not compact on unbounded domains, we have an extra difficulty to prove the upper 
semicontinuity of attractors in L 2 (R n ). We will overcome this difficulty by using uniform estimates 
on the tails of functions in random attractors as in [37] . More precisely, we prove all functions be- 
longing to tempered attractors are uniformly small outside a bounded domain in R n for sufficiently 
small noise intensity a. 

The outline of the paper is as follows. In the next section, we borrow some results regarding 
pullback attractors for random dynamical systems over two parametric spaces. In Section 3, we 
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prove an abstract result on the upper semicontinuity of pullback attractors parametrized by some 
variables. Section 4 is devoted to the existence of a continuous cocycle in L 2 (R n ) for the stochastic 
equation ([Lip , and Section 5 contains all uniform estimates including those on the tails of solutions. 
We finally prove the existence and uniqueness of tempered attractors for (jl.ip in Section 6, and 
establish the upper semicontinuity of the attractors in Section 7. 

2 Preliminaries 

For the reader's convenience, in this section, we recall the theory of pullback attractors for random 
dynamical systems over two parametric spaces. All results presented here are not original and can 
be found in [36J. The reader is also referred to [U [T5| [TE[ I2T)1 [32] for random attractors over one 
parametric space, and to [21 [231 1331 EI] for deterministic attractors. 

Hereafter, we assume that (X, d) is a complete separable metric space, £l\ is a nonempty set, 
and (0,2,^2, P) is a probability space. For every t G R, let 6\j ■ — > f?i be a mapping. We say 
(Oi, {#i,t}teR) is a parametric dynamical system if 9i ; o is the identity on Q± and Oi lS +t = #i,t,°#i,s for 
all i,s£i Let 62 : R x J7 2 -» ^2 be a (£>(R) x J" 2 , /^-measurable mapping. We say (SI2, -^2, -P, #2) 
is a parametric dynamical system if #2(0, •) is the identity on #2(5 + 1, •) = #2(^5 •) &2(s, ■) for 
all t,s£l, and P02(t, ■) = P for all t£R. For convenience, we write #2(^5 •) as #2 1 f° r t G R, and 
write (p. 2 ,^2,P,02) as (fi 2 , -^2, -P, {#2,* }*£»)■ 

Definition 2.1. Let K : fix x ^2 — > * be a set-valued mapping. We say IT is measurable 
with respect to T2 in SI2 if the value K{uj\,0J2) is a closed nonempty subset of X for all uj\ G f^i 
and ^2 € and the mapping ^2 G ^2 — > d{x,K{oj 1,102)) is (J^, £?(M))-measurable for every 
fixed x G X and wi G If K is measurable with respect to T2 in , we also say the family 
\K{uj\,u)%) :uj\ G Qi,ui2 G O2} is measurable with respect to J- 2 in ^2- 

Definition 2.2. Let (Oi, {^i,t}teR) and {^2, J^2, P, {S2,t}tem) be parametric dynamical systems. A 
mapping <I>: R + x Qi x f^2 x X — > X is called a continuous cocycle on X over (fii, {0i,t}teR) and 
(^2) J~2i Pi {®2,t}t&) if for all u)\ G f2i, 0J2 G O2 and i,r G R + , the following conditions (i)-(iv) are 
satisfied: 

(i) $(-,wi, v ):l + xn 2 xI^Iis (B(R+) xj 2 x B(Jf), £(X))-measurable; 

(ii) $(0, wi, W2, •) is the identity on X; 

(iii) $(i + t,cji,u;2, •) = 6>i iT a;i, #2,-1-^2, •) o $(t, cji, w 2 , •); 
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(iv) $(t,ui,u}2, •) : X — > X is continuous. 
If, in addition, there exists a positive number T such that for every t > 0, uj\ G Q± and W2 G 

$(i,6»i iT Wl,W2, •) = $(t,U}i,0J2, ■), 

then $ is called a continuous periodic cocycle on X with period T. 

Throughout the rest of this section, we assume that $ is a continuous cocycle on X over 
(fii, {0i,t}teffi) and (f&2, Jb, -P, {02,t}teM)- We will use V to denote a collection of some families 
of nonempty subsets of X: 

V={D = {D(wi,W2) C X : £>(wi,w 2 ) / 0, wi G fii, w 2 G ft 2 }}. (2.1) 

Two elements D\ and D2 of P are said to be equal if D\{uji,uj2) = D 2 (oji,co 2 ) for all wi £ fii and 

Definition 2.3. Let D = {D(u;i,a;2) : oo\ G ^1,^2 € ^2} be a family of nonempty subsets of X. 
We say D is tempered in X with respect to (fii, {^i,t}tgffi) and (£l 2 , Ti, P, {&2,t}teR) if there exists 
xq G X such that for every c > 0, wi € fl\ and W2 G ^2, 

lim e ct d(xo,D(e lt tu 1 ,e 2 ,tUJ2)) = 0. 
t— >— 00 

Definition 2.4. A collection P of some families of nonempty subsets of X is said to be neighbor- 
hood closed if for each D = {D{ui,U2) ■ w\ G f&i,W2 G ^2} G P, there exists a positive number e 
depending on D such that the family 

{B(oji,co 2 ) : B(u)i,u) 2 ) is a nonempty subset of J\f £ (D(uji, co 2 )), V wi G Hi, V ^2 G f^} (2.2) 

also belongs to V. 

Definition 2.5. Let V be a collection of some families of nonempty subsets of X. A mapping 
tp : R x $7x x f2 2 — >■ X is called a complete orbit of <3? if for every r G R, £ > 0, ui\ G fii and W2 £ ^2) 
the following holds: 

<&(t,Qi, T U 1 ,02, T U2,i>{T,(jJ 1 ,U2)) = 1p(t + T,Ui,UJ2). (2.3) 

If, in addition, there exists D = {D(coi,uj2) ■ 0J\ G tt,ou 2 G ^2} G "D such that ip(t,(jj\,uo2) belongs 
to D(6i :t oji, 62^2) for every t G R, wi G fii and W2 G ^2, then tp is called a D-complete orbit of $. 
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Definition 2.6. Let B = {B(uji,uj2) : oj\ G Sli, W2 e ^2} be a family of nonempty subsets of X. 
For every uj\ G Q,\ and W2 G O2, let 

n(B,u u U2) = fl |J*(t,ei_ t a;i,02 ) -tW2,B(ei_ t wi,e2 ) -tW2)). (2.4) 

T>0 t>T 

Then the family {fi(5, wi, W2) : oj\ G f&i,W2 € ^2} is called the f2-limit set of B and is denoted by 
Q(B). 

Definition 2.7. Let D be a collection of some families of nonempty subsets of X and K = 
{K{u\,U2) '■ uj\ G Qi, 0J2 G ^2} G V. Then if is called a D-pullback absorbing set for $ if for all 
uj\ G fii, W2 G ^2 and for every BgD, there exists T = T(B,oj\,oj2) > such that 

$(t, 0i -twi, 5 2 ,- t W2, B(0i _ t wi, 2 _ t W2)) C if (wi,^) for all t > T. (2.5) 

If, in addition, for all u>\ G Q\ and 0J2 G ^2) if (^i,^) is a closed nonempty subset of X and if is 
measurable with respect to the P-completion of Ti in J7 2 , then we say if is a closed measurable 
P-pullback absorbing set for $>. 

Definition 2.8. Let D be a collection of some families of nonempty subsets of X. Then <& is said 
to be £>-pullback asymptotically compact in X if for all uj\ G f2i and W2 G O2, the sequence 

{&(t n , Oi-t n ui, 02,-t n ^2, #n)}5^=i has a convergent subsequence in X (2-6) 

whenever £„ — > 00, and x n G B{9\-t n 0J\, 02,-t„^2) with {S(wi,a;2) : wi G fii, 1^2 G ^2} G P. 

Definition 2.9. Let P be a collection of some families of nonempty subsets of X and A = 
{A(uj±,uj2) : uji G J7i,o; 2 G f^} G T>. Then A is called a P-pullback attractor for <3? if the fol- 
lowing conditions (i)-(iii) are fulfilled: 

(i) A is measurable with respect to the P-completion of T2 in ^2 and A(cji,cj2) is compact for 
all u\ G Qi and 0J2 G ^2- 

(ii) A is invariant, that is, for every oj\ G fii and CJ2 G 0,2, 

^(t,U!,U2, A{0Jl,U)2)) = A(01,tUl,O2,tU2), V t > 0. 

(hi) „4 attracts every member of V, that is, for every B = {B(ui,U2) : wi G ^i,o; 2 G fi 2 } G £> 
and for every wi G fii and W2 G 

lim d($(t,9 1 - t wi,62,-tU2,B(9i-tU)i,92,-tU2)),A(u)i,<jJ2)) = 0. 
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If, in addition, there exists T > such that 

A(6i,TUl,U} 2 ) = A(0Oi,UJ2), Vwi £ fil,V UJ2 G ^2, 

then we say .A is periodic with period T. 

We borrow the following result from [36] regarding the existence and uniqueness of 2?-pullback 
attractors. Similar results for random systems can be found in 1161 f20 ], I32j. 

Proposition 2.10. LetD be a neighborhood closed collection of some families of nonempty subsets 
of X, and & be a continuous cocycle on X over {Oi,t}teM.) an d (^2,J r 2,P,{02,t}teK.)- Then <3? 
has a T>-pullback attractor A in T> if and only if <J> is D-pullback asymptotically compact in X and 
<3? has a closed measurable (w.r.t. the P-completion of T%) T>-pullback absorbing set K in D. The 
D-pullback attractor A is unique and is given by, for each cji € f^i and U2 € ^2, 

A(ui,u 2 ) = n(K,ui,u) 2 ) = [J n(B,ui,u 2 ) (2.7) 

Bev 

= {t/>(0, wi, W2) ■ ip is a V— complete orbit of <&}. (2-8) 

For the periodicity of P-pullback attractors, we have the following result [36J. 

Proposition 2.11. LetD be a neighborhood closed collection of some families of nonempty subsets 
of X. Suppose <3? is a continuous periodic cocycle with period T > on X over (fii, {6ij}teR) o,nd 
(^2) J~2, P, {#2,t}teK)- Suppose further that $ has a D-pullback attractor A € D. Then A is periodic 
with period T if and only if $ has a closed measurable (w.r.t. the P-completion of T%) D-pullback 
absorbing set K £ D with K being periodic with period T. 

Note that a family K = {K{uji,uj2) : u)i £ £li,uj2 € ^2} € D is periodic with period T if 
K(6i : t^i, ^2) = K(uji,uj2) for all lu% € $7i and 002 S ^2- In the next section, we discuss the 
continuity of pullback attractors when a parameter varies. 

3 Upper Semicontinuity of Random Attractors 

In this section, we discuss the upper semicontinuity of pullback attractors of a family of cocycles 
on a Banach space X. Suppose A is a metric space. Given A G A, let $a be a continuous cocycle 
on X over (fli, {#i,t}teR) and (^2, ^2, P, {#2,t}teR)- Suppose there exists Ao £ A such that for every 
t £ M + , <jj\ € UJ2 € , A n 6 A with A n — > Ao, and x n , x G X with x n — )■ x, the following holds: 

lim ® Xn {t,ui,uj2,x n ) = $\ (t,wi,LU2,x). (3.1) 
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For each AG A, let T>\ be a collection of families of nonempty subsets of X. Suppose there exists 
a map R\ Q : Oi x ^2 ->K such that the family 

B = {B(uix,ui 2 ) = {x G X : ||x||x < R\ (uji,uj2)} ■ u>i & &i,u 2 G Sl 2 } belongs to V\ . (3.2) 

Suppose further that for each A G A, ^ has a P^-pullback attractor A\ G D\ and a D^-pullback 
absorbing set K\ G Pa such that for all u>i G Oi and W2 € ^2, 

limsup ||K A (^i,^2)||x < i?A (wi,w 2 ), (3.3) 

where R\ is as in (|3.2p and H^Hx = sup a . g5 \\x\\x for a subset 5 of X. We finally assume that for 
every uj\ G S7i and cj 2 G $7 2 , 

^(^1^2) is precompact in X. (3.4) 

AeA 

We now present the upper semicontinuity of .4a at A = Ao- 
Theorem 3.1. Suppose (|3.ip - (|3.4|) hold. Then for every oj\ G fii and Cl> 2 G Q 2 , 

dist(A\(ooi,uj2),A\ (ooi, CJ2)) — > 0, as A ->• A . (3.5) 

Proof. Suppose (|3.5p is false. Then there exist a positive number n and a sequence A n — > Ao such 
that for all n G N, 

dist(^A n (wi,w 2 ),^A (wi,w 2 )) >2n. (3.6) 
By (|3.6|) we find that there exists a sequence {x n }^ =1 with x n G .4a„(wi,o; 2 ) such that 

dist(x n , ^0(^1)^2)) > ^ for all n G N. (3-7) 

By (|3.4p we get that there exists xo G X such that, up to a subsequence, 

lim x n = xq. (3.8) 

n— >-oo 

We now prove x G .4a ( w i> ^2)- Let {i m }^ =1 be a sequence of positive numbers such that t m — > 00. 
Fix m = 1. Then by the invariance of ,4a„ for every n G N, there exists a sequence {#i,n}$£!=i with 
x\^ n G ^A n (^-ti^i) #-tiW 2 ) such that for all n G N, 

x n = $A„(*l,0-ti^l)0-tiW 2 ,£l )n ). (3.9) 
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Since xi >n G A\ n (9-ti^i, 9-ti^2) for all n G N, we get from f|3.4[) that there exist zi 6 I and a 
subsequence of {xi jn }^ =1 (which we do not relabel) such that 

lim xi n = z\. (3.10) 

n— >oo 

It follows from and (pUPl) 

lim ^An^li^-tl^li^-ti^iiCl.n) = ^x {h, d-t^l^-tj^^i). (3.11) 
n— >oo 

By (|3T5 ]) -(|33 ]I and (|37TT]) we obtain 

= ^Ao^i^-ti^i^-ii^,^)- (3.12) 

Note that A\ n (0- tl uj\, 6-^2) Q K\ n (9-t 1 LUi,9-t 1 u}2) and xi,„ G .^(fl-t^i, 6L 4i cj 2 ) for all n G N. 
Thus by (|3.3p we have 

limsup ||xi jn |[x < limsup\\K Xn (0-t 1 ^i,d-t 1 ^2)\\x < R\ (Q -^1,6-^2). (3.13) 

n— »oo n— >oo 

By (13.10j) and fj3. 13f) we get < R\ (9-t^i, 0-t^2)- By induction, for every m > 1, we find 

that there exists z m G X such that for all m G N, 

^0 = $Ao(*m,0-t m Wl,0-t m W 2) .Zm), (3.14) 

and 

ll^rnlU < R\ ( d -t m Ul,9-t m UJ2). (3.15) 
By (|3.2p and the attraction property of A\ in T>\ , we obtain from (|3.14[) - (j3.15j) that 

dist(x ,^4Ao(wi,w 2 )) = dist($ Ao (t m ,6'i _ tm wi,6»2-t m o;2,z m ), ^0(^1,^2)) 

< dist($ Ao (t m ,^ ,- tm o;i, 02,-^2, 5(0i_ tm u;i,02,-t m W2)), A^l^s)) ->■ 0, as m ->• 00. 
This shows that xo G ^4.a (wi,W2) since Axo^i' 6 ^) is compact. Thus, by (|3.8p we get 

dist(x n , A\ (u>i,uj2)) < dist(x n ,xo) — ► 0, as n — > 00. 
This is in contradiction with (13.7P and hence proves (13. 5|) . □ 

Next, we consider two special cases of Theorem 13.11 where the limiting cocycle <3?a is an au- 
tonomous system or a deterministic non-autonomous system. Both cases are interesting in their 
own right and deserve further discussions. Suppose <&a : ^ + x ^1 x ^2 x X — > X is a continuous 
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cocycle. If <&a is constant in W2 £ D2, then we can drop the dependence of <J>a on w 2 and call such 
<&Ao a deterministic non-autonomous cocycle. In other words, a mapping &\ : M + x Oi x X — > X 
is a continuous non-autonomous cocycle on X over (fii, {9i t t}teu) if ^Ao satisfies the following 
conditions: for every uj\ G Sl\ and t,T G M + , 

(i) $(0,wi, •) is the identity on X; 

(ii) $(t + r, (ji, •) = $(t, 6»i iT u;i, •) o $(r, wi, •); 

(iii) wi, •) : X — > X is continuous. 

Let 2?a be a collection of families of nonempty subsets of X given by 

V Xo = {D = {U(wi) # : Z?M C € 

A family A\ G 2?a of compact subsets of X is called a P^ -pullback attractor of <I>Ao if ^A pullback 
attracts every member of T>\ and $>\ (t,uji,A(uJi)) = A(9ijoj\) for all t G M + and oj\ G fii. As in 
the random case, we assume there exists a map i?A : ^1 — > K such that the family 

B = {B{ui) = {i£l: \\x\\ x < R\ {lui)} : wi € fii} belongs to £> Ao , (3-16) 

Let i^A ^ £>a be a XVpuUback absorbing set of $a which satisfies, for all oj\ G Oi and u>2 G SI2 , 

limsup ||K A (wi, w 2 )||x <-Ra ( w i)- ( 3 - 17 ) 

A^A 

Note that for a deterministic non- autonomous cocycle ^Aq, condition (13. ip becomes the following, 
for each wi G fii and W2 £ ^2) 

lim $ Xn {t,UhU2,x n ) = $\ (t,u}i,x), (3.18) 

n— s>oo 

where t G M + , A n G A with A n — > Xq, and x n , x G X with Replacing conditions (|3.ip - 

(|3.3[) by ()3.16p - (|3.18p . we get the following convergence result from Theorem 13.11 when <1>a is a 
deterministic non-autonomous cocycle. 

Theorem 3.2. Suppose (I3.4p and (]3. 16[) - f)3. 18|) /10W. Then for every oj\ G Oi and 002 G fl2, 

dist(^.A(wi,u;2),^lAo( w i)) — ^ 0) as A A . 

Proof. This theorem can be considered as a special case of Theorem 13.11 where <I>a > ^Aq an d A\ 
are all constant with respect to loi G f^2- On the other hand, we can also prove Theorem 13.21 directly 
by following the proof of Theorem 13.11 with minor changes. The details are omitted. □ 
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We now consider the case where $>\ is an autonomous cocycle, i.e., $a is constant in both u\ 
and u>2. In this case, a nonempty compact subset A\ of X is called a global attractor of &\ if „4,\ 
is invariant and attracts every bounded set uniformly. For an autonomous cocycle &\ , condition 
(|3.17p can be replaced by the following: there exists a positive number C such that for all uj\ G £l\ 
and 0J2 G O2, 

limsup w 2 )||x < C. (3.19) 

A-s>A 

We also assume that for every u)\ G fii and ^2 € ^2; 

lim $ An (t,a;i,W2,x n ) = ®\ (t,x), (3.20) 

n— >oo 

where i G M + , A n G A with A n — > Xq, and x n , x G X with x n — >■ x. For an autonomous cocycle 
we have the following convergence result. 

Theorem 3.3. Suppose (|3.4p and (|3.19p - (|3,20p hold. Then for every uj\ G Oi and 002 G O2, 

dist(^(a;i,a;2),^Ao) ^ 0, as A ->• A . 
Proof. The proof is similar to Theorem 13.21 and hence omitted. □ 



4 Stochastic React ion- Diffusion Equations on R n 

In the rest of this paper, we study the existence and upper semicontinuity of tempered pullback 
attractors for stochastic Reaction-Diffusion equations on M. n with deterministic non-autonomous 
terms as well as multiplicative noise. Given r G R and t > r, consider the following equation 
defined for x G R n , 

— + An - An = /(x,n) + a(i,x) + an o — , (4.1) 

with initial condition 

n(x,T) = n T (x), x G R n , (4.2) 

where A and a are positive constants, g G L^ oc (R, L 2 (R n )), u> is a two-sided real-valued Wiener 
process on a probability space. Note that equation ()4.ip is understood in the sense of Stratonovich 
integration. The nonlinearity / is a smooth function that satisfies, for some positive constants a\, 
a 2 and 013, 

f{x,s)s < -Qi|s| p + ^i(x), V x G R n , VsGR, (4.3) 
< a2|s| p_1 + i/> 2 (x), ViGl", VsGR, (4.4) 
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df 

-±(x, s) < a 3 , Vi£K", Vse E, (4.5) 

br-fo*)l < ^4 VieK", VseR, (4.6) 
ax 

where G L 1 (-R n ) PI L°°{R n ) and ^2,^3 G L 2 (R n ). In this paper, we will use the probability 
space (fl,.F, P), where SI = {u G C(R,R) : u>(0) = 0}, P is the Borel cr-algebra induced by the 
compact-open topology of 0, and P is the corresponding Wiener measure on (fi, J 7 ). Define a group 
{#2,t}teiR acting on (Q, P, P) by 

2) iwQ = oj(- + t) -u(t), wed, tel. (4.7) 

Then (O, J 7 , P, {02,*}ieR) is a parametric dynamical system. From [TJ we know that there exists a 
#2,t-invariant set f2 C 12 of full P measure such that for each u G 0, 

^ ^ as t ^ ±00. (4.8) 

In the sequel, we will write S] as O for convenience. Let Q± = R and for each t € R, define a map 
9i t t : R — > R by 9it{h) = h + t for all /igl. We will define a continuous cocycle for equation 
(|4.ip over (R, {fli^eR) and (O, .P, P, {# 2 ,t}teR)- To that end, we need to transform the stochastic 
equation into a deterministic non-autonomous one. Given u G f2, let z(t, cj) = e -0 "^*). Then z 
solves the following stochastic equation in the sense of Stratonovich integration: 

dz duj . , . 

— + qzo — = 0. 4.9) 
dt dt y ' 

Given r G R, i > r, w G SI and u T G L 2 (R n ), let u(t, t,d,v t ) satisfy (14. ip with initial condition u T 
at initial time r. Then we introduce a new variable v(t,r,u),v T ) by 

v(t,T,u},v T ) = z(t,oj)u(t,T,oj,v T ) with v T = z(t,lo)u t . (4-10) 

By P~T]) -(|I~2 ]I and flM]) we get 

— + Xv - Av = z(t,u)f (x,z~ l (t,oj)v) + z(t,u)g(t,x), (4.11) 

with initial condition 

v(x,t) = v T (x), xeW 1 . (4.12) 

Note that (|4.11|) is a deterministic equation which is parametrized by uj G O. Therefore, by a stan- 
dard argument (see, e.g., [2]), one can show that for every t £ 1, w £ (! and v T G L 2 (IR n ), problem 
(gUD - flUgD has a unique solution v G C([r, 00), L 2 (M n )) f| L 2 oc ((t, 00) , H 1 (R n )) . In addition, this 
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solution is continuous in v T with respect to the norm of L 2 (R n ) and is (J-, ,6(L 2 (R n )))-measurable 
in w G ft. Based on this fact, we can define a cocycle $ : M + x 1 x O x L 2 (R n ) -t L 2 (R n ) for 
problem (pTT ]) - (jO|) by using <KW\i . Given t G R+, r G R, w € O and u T G L 2 (R n ), let 

*(t,r,o;,w r ) = u(t + t,t,6 2 .-tU,u t ) = -7— — \ rv(t + t,t,9 2 T u,v T ), (4.13) 

Z(t + T, V 2 - T Oj) 

where t> r = z(t, 9 2 - t oS)u t . By (|4.13p one can check that for every t > 0, r > 0, r£i and cj G 

$(i + t, r, w, •) = r + r, 6> 2 , T o;, •) o $(r, r, w, •). 

By the measur ability of u in cj G and the continuity of v in initial data v T G L 2 (R n ), we see that 
<3? as defined by (|4.13|) is a continuous cocycle on L 2 (R n ) over (R, {0i,t}teK) and J 7 , P, {#2,t}teR)- 
The rest of this paper is devoted to the existence and convergence of pullback attractors for $ in 
L 2 (R n ). For this purpose, we need to specify a collection T> of families of subsets of L 2 (R n ). 

As usual, for a bounded nonempty subset B of L 2 (R n ), we write = sup HV'll^fM™)- Suppose 

D = {D(t,lu) : t G R, oj G f2} is a tempered family of bounded nonempty subsets of L 2 (R n ), that 
is, for every c > 0, r G R and u G f2, 

lim e ct ||L»(r + t, at w)|| = 0. (4.14) 

t— >— oo 

From now on, we use "D to denote the collection of all tempered families of bounded nonempty 
subsets of L 2 (R n ), i.e., 

V = {D = {D(t,lj) : t G R,u G 0} : D satisfies (ITOH }. (4.15) 

Note that Z? given by (|4.15|) is neighborhood closed. For the external forcing g we assume that 
there exists 8 G [0, A) such that for every r G R, 

e 5s \\g(s,-)\\ 2 ds < oo. (4.16) 

Sometimes, the following tempered condition is also needed for g: there exists 5 G [0, A) such that 
for every c > 0, 

r° 

lim e d e Ss \\g{s + t,-)\\ 2 ds = 0. (4.17) 



t— >— oo 



— oo 

2 mi r2nn>rn 



Observe that condition ()4.17j) is stronger than (|4.16p for g G L 2 oc (R, L (R n )), and both conditions 
do not require that g is bounded in L 2 (R n ) at ±oo. 
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5 Uniform Estimates of Solutions 

In this section, we derive uniform estimates of solutions for problem (|4.1|) - (|4.2p . These estimates 
are needed to prove the existence and continuity of P-pullback attr actors. 

Lemma 5.1. Suppose (|4.3p - (|4.6p and (|4.16p hold. Then for every r 6 1, w £ (] and D = {D(t,oj) : 
t € R, oj € 0} € V, there exists T = T(r, u,D) > such that for all t >T, the solution v of problem 
(|4.1ip - (|4.12|) with oj replaced by 9 2 ~ t oj satisfies 

\\v(t,t -t,6 2 ,- T 0J,v T -t)\\ 2 < cz~ 2 (-t,oj) I e Xs z 2 (s,oj) (l + \\g(s + r, •) || 2 ) ds 

J —00 



and 



J e A(s r) (\\v(s,T - t,9 2 - T U>,V T -t)\^(K.^ + Z 2 (s,9 2 -r0j)\\u(s,T - t,9 2 - T U),U T - t )\\%) ds 

<cz- 2 (-t,uj) f e Xs z 2 (s,oj)(l + \\g(s + r,-)\\ 2 )ds, 



OO 



where v T -t £ Z?(r — t,9 2 ,-tu>) and c is a positive constant independent of r, oj, D and a. 

Proof. It follows from (|4.1ip that 

1 d f 

o^TlbH 2 + A||w|| 2 + IIV^II 2 = / z(t,oj)f(x,u)vdx + z(t,oj)(g,v). (5.1) 

Z at J fin 



By (|4.3p . for the nonlinear term in (15. ip we have 

z(t,oj)f(x,u)vdx < — aiz 2 (i, u;)||n||^ + z 2 (i,cj) / ip\dx. (5-2) 



Note that the last term on the right-hand side of (|5.ip is bounded by 



z(t,oj)\(g,v)\ <^X\\v\\ 2 + ^z 2 (t,oj)\\g\\ 2 . (5.3) 



It follows from (l5TT1)-(l5T3l) that 



j t \H 2 + hlH 2 + 2||V^|| 2 + 2a 1 z 2 (t,uj)\\u\\v < jz 2 (t, oj)\\g\\ 2 + Cl z 2 (t,oj). (5.4) 

First multiplying (|5.4p by e A * and then integrating over (r — t, t) with t > 0, we obtain, for every 
oj £ $7, 

|Kr,T-i,w,?; T _ t )|| 2 + 2 / e A(s - r) ||Vv(s,r - v r _ t )|| 2 ds 

JT-i 
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+I A f e xis - T ^\\v{s,T-t,Lu,v T „ t )\\ 2 ds + 2 ai [ T e x ( s - T h 2 (s,co)\\u(s,T-t,oj,u T - t )\\%ds 

^ Jr-t Jr-t 



<e- xt \\v T _ t f + ^e~ Xr f T e Xs z\s,uj)\\g(s,-)\\ 2 ds + c 1 f e x ^- T h 2 {s, uj)ds. 

* Jr-t Jr-t 

Given r G R and wefl, replacing u by 9 2 ^ T u in the above, we obtain for all t G R + , 



||«(r, r - 1, 62,-rU), v T - t )\\ 2 + 2 e A(s " r) ||Vv(«, r-t, 9 2 - T u, v T - t ) fds 

Jr-t 

+\\ f e x{s -^\\v(s,T-t,e 2 ^ T u 1 v T _ t )\\ 2 + 2a l T e x ^~ T) z 2 (s 1 9 2 ^ t u)\\u(s 1 t -t,9 2 ^ T io,u T ^)\\ p p 



<e- A *||^|| 2 + V At f e Xs z 2 (s,e 2 ,_ T u;)\\g(s r )\\ 2 ds + c 1 f e x ^ z 2 (s,9 2 ^ T oj)ds 

* Jr-t Jr-t 



2 



r 



< e~ xt \\v T - t \\ 2 + -tZ~ 2 (-t,lj) / e Xs z 2 (s,oj)\\g(s + T,-)\\ 2 ds + c 1 z~ 2 (-T,u) / e Xs z 2 (s,u)ds. 

" J— oo J— oo 

(5.5) 

By (|4,8p and (|4.16p one can check that the last two integrals on the right-hand side of (|5.5j) are 
well-defined. On the other hand, since v T -t G D(t — t, 9 2 -tco) and D € V, we see that there exists 
T = T(r, w, D) > such that for all t > T, 

e- xt \\v T _ t \\ 2 < e- xt \\D(r-t,e 2 ^ t io)\\ 2 < z~ 2 (-t,uj) / e Xs z 2 (s, uj)ds, 

J — oo 

which along with (|5.5p completes the proof. □ 

As a direct consequence of Lemma [57TJ we have the following estimates. 

Corollary 5.2. Suppose (|4.3j) - (|4.6j) and (|4.16p /io/d. T/ien /or every r G R, w G and I? = 

{D(t,uj) : r G R, a; G fi} G £>, t/iere exists T = T(t,oj,D) > 1 suc/i £/tai /or all t >T, the solution 
v of problem (|4.1ip - (|4.12p with uj replaced by Q 2 - t uj satisfies 

(\\v(s,r- t,9 2 - T uj,v T -t)\\ 2 H i( R n) + z 2 (s,0 2i -tU))\\u(s,t - t,6 2 - T oj,u T - t )\\ P p) ds 

<cz- 2 (-t,cj) f e Xs z 2 (s,co){l + \\g(s + r,-)\\ 2 )ds, 
where v T ^ t S D(r — t,0 2t -t^) o-nd c is a positive constant independent of r, to, D and a. 

Proof. This inequality follows from Lemma |5. II and the fact e A ( s ~ T ) > e~ A for r — 1 < s < r. □ 

The following estimates are needed when we derive the convergence of pullback attractors. 
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ds 



Lemma 5.3. Suppose P~3]) - P~6]) and P~T6j) hold. Then for every r£R,we!] and v T G L 2 (R n ) 
the solution v of problem (|4.1ip - (|4.12p satisfies, for all t > r, 

\\v(t,T,u),v T )\\ 2 + J e A(s_t) (\\v(s,T,uj,v T )\\ 2 H1 ( Rn) + z 2 (s,uj)\\u(s,T,uj,u T )\\^j 

< \\v T \\ 2 + c J z 2 (s,uj)\\g(s, -)\\ 2 ds + c J z 2 {s,uj)ds, 
where c is a positive constant independent of t, uj and a. 

Proof. Multiplying ()5.4p by e A * and then integrating over (r, t), we get, 

\\v(t,r,uj,v T )\\ 2 + 2 y e A(s_ * ) ||Vu(s,r,w,u T )|| 2 ds 

+ -A /* e A(s - i} \\v{s, t, u, v T ) \\ 2 ds + 2ai /"* e A ( s -')z 2 (s, r, w, u T ) Eds 



<e A ( T -*)K|| 2 + ^ / e x ^- t h 2 (s,co)\\g(s,-)\\ 2 ds + c 1 I e x ^- t h 2 (s,u)ds 



r-t ft 

A. 

< ||w T || 2 + - J z 2 (s,u)\\g(s, -)\\ 2 ds + ci y z 2 (s,u;)ds. 
This completes the proof. □ 

Lemma 5.4. Suppose P~3j) - P~6|) and (|4.16p /io/d. T/ien /or every t eM, uj £9, and D = {D(t,uj) : 
r E R,w G 0} G P, i/iere exists T = T(r, w, D) > 1 such that for all t >T, the solution v of problem 
(|4,lip - (|4.12p with uj replaced by satisfies 

\\Vv(t,t - t, 6 2 ^ T u,v T ^ t )\\ 2 < cz- 2 (-r,u) / e Xs z 2 (s, u) (l + \\g(s + r, -)|| 2 ) ds, 

J — oo 

where v T -t £ -D(r — t,02—t u} ) an d c is a positive constant independent of r, uj, D and a. 

Proof. Multiplying (|4.1ip by Av and then integrating over R n we get 
\ d f 

- — \\Vv\\ 2 + X\\Vv\\ 2 + \\Av\\ 2 = -z(t,u) / f{x,u)Avdx - z(t,uj)(g,Av). (5.6) 
2 at J^n 

By (|4.5p - ([4.6p . the first term on the right-hand side of (|5.6p satisfies 

—z(t,ui) / f(x, u) Avdx = z(t, uj) I —(x,u)Vvdx+ / — — (x, u) \Vv\ 2 dx 

J R n Jjgn OX J R n OU 

< z(t,cj)U 3 \\\\Vv\\ + a 3 \\Vv\\ 2 < (a 3 + ||V*;|| 2 + ^z 2 (t,uj)U 3 \\ 2 . (5.7) 
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For the last term on the right-hand side of (|5.6p we have 



z(t,u){g,Av)\ < ^\\Av\\ 2 + ^z 2 (t,u>)\\g\\ 2 . (5.8) 



By ([E6D-(|5l8]) we get 



j t \\Vv\\ 2 + 2A||Vt;|| 2 + ||A W || 2 < (1 + 2a 3 )||Vt;|| 2 + z 2 (t,u)U 3 \\ 2 + z 2 (t, u;)\\g\\ 2 . 



Therefore we have 

d [ \\Vv\\ 2 <c 1 \\Vv\\ 2 + z 2 (t,u J )\\g\\ 2 + c 1 z 2 (t,u J ). (5.9) 



dt' 

Given t € M + , r€M and uj G f2, let s 6 (r — 1, r). By integrating (|5.9p over (s, r) we get 

\\Vv(T,T-t,Lo : v T _ t )\\ 2 < \\Vv(s,T-t,u;,v T ^ t )\\ 2 

+a r \\vv(t,T-t,u,v T „ t )\\ 2 dt+ r z 2 (a,u)\\g(z,-)\\ 2 dt+ r z 2 (toj)dt. 



Integrating again with respect to s on (r — 1, t), we obtain 

\\Vv(r,T-t,Lo,v T _ t )\\ 2 < (1+ Cl ) r ||V^,T-t, W ,7; T _ t )l| 2 ^+ / T * 2 (£, w)||s(£, -)l| 2 ^+ T z 2 (M#. 
Replacing to by 62 - T u in the above, we find 

||Vv(r,r-t,0 2i _ T w,?; T _ t )|| 2 < (1 + cy) I \\Vv{s,t - t,6 2 ^ T u,v T . t )\\ 2 ds 

Jt-1 

+ I z 2 (s,9 2 ,-ruj)\\g(s,-)\\ 2 ds+ [ z 2 (s,e 2 ,- T uj)ds. (5.10) 

Jt-1 Jt-1 

Note that for every t€R and U) £ f2, 

z 2 (s,92- T u)ds = z~ 2 (—T,uj) / z 2 (s — T,uj)ds = -Z~ 2 ( — t,w) / z 2 (s,cj)ds 
r-1 ./-l 

/•0 /-0 

<e x z- 2 (-T,oj) e Xs z 2 (s,u;)ds <e x z' 2 (-T,uj) e Xs z 2 (s,u;)ds. (5.11) 

■/— 1 J—oo 

Similarly, one can check 

z 2 (s,e 2 ^ T u)\\g(s,-)\\ 2 ds < e x z- 2 (-r,u) f e Xs z 2 (s,co)\\g(s + r, -)\\ 2 ds. (5.12) 

It— 1 J — oo 

By ([5TT0]) - ([5TT2"]) we obtain, for every r£K,we!l and f G R+, 

|| Vu(r,r - t,6 l 2_ T w,?; T _ t )|| 2 < (1 + ci) / || Vu(s,t - t,02,-rW,u T -t)|| 2 rfs 

/■0 /-0 

+e A z" 2 (-r,w) / e Xs z 2 (s,uj)ds + e x z' 2 (-r,uj) / e As z 2 (s,u;)||si(s + r, -)\\ 2 ds, 

J—oo J—oo 

which along with Corollary 15.21 completes the proof. □ 
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In order to establish the D-pullback asymptotic compactness of problem (|4.ip - (|4.2p . we need to 
derive the uniform estimates on the tails of solutions as given below. 

Lemma 5.5. Suppose (|0]) -(|0 |l and (g3gj) hold. Let r G R, u G fi and D = {D(t,uj) : r G 
R,w£!l} EP. T/ien for every rj > 0, i/iere exist T = T(t,oj, D,r/) > 1 and = K(t,lu,t]) > 1 
smc/i t/iai for all t >T, the solution v of equation ([4. lip with uj replaced by #2,-t<^ satisfies 

\v(t,t - t,92- T uj,v T -t)(x)\ 2 dx < rj, (5.13) 

\x\>K 

where v T -t G D(t — t,02-t^)- 

Proof. Let p be a smooth function defined on R + such that < p(s) < 1 for all s G K + , and 

f for < s < 1: 
= { 1 for S > 2. 

By (jlTTj) we get 

\t + \ p(tt)\ v \ 2(1x + x [ P^Tr)\ v ? dx - [ p(^)vAvdx 
2 dt J Rn k A J Rn k z J Rn k z 

f \ x ? f \ x ? 

= / Kty) 2 ^")/^^)^ + / p(-j^r)z(t,u;)gvdx. (5.14) 

JR™ K JR™ K 

Note that 

[ p(^-)vAvdx < - [ vp >^)^.y v dx<^-(\\v\\ 2 + \\Vv\\ 2 ). (5.15) 

JR™ K Jk<\x\<V2k k k k 

For the first term on the right-hand side of (|5.14|) . by fj4.3|) we have 

/ p(-T2-)z(t,uj)f(x,u)vdx<-aiz 2 (t,L}) / p(— 2 -)\u\ p dx + z 2 (t,u>) / /5(— ^-^ldx. (5.16) 

jr™ k Jr™ Jr™ k 

For the last term on the right-hand side of (|5.14p we have 

1/ p(-ro-)z(t,Lo)gvdx\ < -A / p(—Y)\v\ 2 dx + —z 2 (t,uj) p(—Y)g 2 {t,x)dx. (5.17) 
jr™ k 2 2 y R n fc^ 2A jV fc^ 

By (I5TT4"1) - (I5TT71) we get 

d f I ^ I ^ f I I ^ ^2 /* I *^ I 

/ n P ^l?2"' ) ' w ' 2dx + A / n^T 2 "^' 2 ^ - X " V "^ 1(R " ) + C22;2 ( t ' a; ) / n p( -^r^ {\^i\+g 2 )dx. 

(5.18) 

Note that ipi G L 1 (W l ). Therefore, given r/ > 0, there exists K\ = K\{j]) > 1 such that for all 
k > K\, 

C2 / Mti - )!^ 1 !^ = C2 / I^iIKtf)^ - ^ ( 5 - 19 ) 

JR™ K J\x\>k K 
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By (pni^ - (pU9j) we find that there exists K 2 = K 2 {rf) > K 1 such that for all k > K 2 , 
^ / P(T2-)l w | 2dx + A / / 3 (^2~)l z; | 2 ^ — ^H^Ill/irK") +T?^ 2 (*,^) +c 2 2 2 (t,o;) / g 2 (t,x)dx. 

at J K n K J Rn K J\x\>k 

By the Gronwall inequality, we get for each t € M + , r € M, a; £ f2 and > 

/" I X I ^ /* I X I ^ 

/ ^(T2")^( r ' T ~ *,^,^r-i)| 2 ^ - e~ A */ p{— T )\v T - t \ 2 dx 
e Ms - T) \\v(s,T -t,w,v r _ t )||^ 1(Rn) a!s + 7 ? J e Ms ~ T) z 2 (s,uj)ds 

+ c 2 / / e x( - s ~ T) z 2 (s,oj)g 2 (s,x)dxds. (5.20) 
Since (15.20P is valid for every uj € fi, we can replace w by 2 - t lo to get, for A: > i^, 

/ p{-T2-)\v(t,t -t,9 2 - T u,v T -t)\ 2 dx - e~ xt p(— T )\v T - t \ 2 dx 
< V e x( - s - T ^\\v(s,T -t, 9 2 ^ T u;,v T - t )\\ 2 H1(Rn) ds + 7] / e A ( s - r )z 2 (s, 6 2 ^ T u)ds 

J T—t J T—t 

+c 2 f f e x( - s ' T) z 2 (s,e 2 - T u)g 2 (s,x)dxds 

Jr-t J\x\>k 

rr rO 

<r] e x ( s ~ T ^\\v(s,T - t,6 2i - T uj,v T ^t)\\ 2 Hi(Rn)ds + 7]z~ 2 (-t,uj) / e Xs z 2 (s, uj)ds 

J T — t J — OO 

+ c 2 z~ 2 (-t,u) I [ e Xs z 2 (s,u)g 2 (s + T,x)dxds. (5.21) 

J —oo J\x\>k 

Since tv_t £ -D(t — t, 9 2 -tUj) and D £ V we see that there exists Ti = Ti(t, u;, L>, ?]) > such that 
for all t > T\, 

|2 



/ p(T2-)|^W| 2 dx < e- At ||« T _ t || 2 < e- A *||Z)(r - t,# 2 ,^w)|| 2 < r,. (5.22) 



On the other hand, by (14. 8p and (14.16P one can check 

^•0 /■ /-0 



/ [ e Xs z 2 (s,u))g 2 (s + T,x)dxds = [ [ e^ 8)s z 2 (s,co)e 5s g 2 {s + r,x)dxds < oo, 

J-oo J~R n J-oo if™ 

which implies that there exists K% = Ks(t, oj, r/) > K 2 such that for all k > if3, 



C2-z 2 (-t,w) / / e As z 2 (s,o;)5t 2 (s + r,x)dxds < rj. (5.23) 

J — oo J \x\>k 
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It follows from (|5.2ip - (|5.23p and Lemma 15.11 that there exists T2 = T 2 (t,uj, D,rj) > T\ such that 
for all t > T2 and k > K3, 

\x\ 2 f° 
p(-r 2 -)\v(T,T-t,02- T uj,v T -t)\ 2 dx<cr] + criz~ 2 (-T,Lj) / e Xs z 2 (s, uj)ds 
k J -00 

r° 

+ o]z- 2 (-t,uj) / e Xs z 2 (s,uj)\\g{s + T,-)\\ 2 ds. (5.24) 



Since p(s) = 1 for s > 2 we have 

\v(t,t - t,02,- T u,v T -t)\ 2 dx < I p( ] 4- 

'\x\>V2k 

By dS3U)-([S25I) we get (^13]) . This completes the proof. □ 



I _ \v(t,t - t,0 2 - T uj,v T ^ t )\ 2 dx < I p(^-)\v(r,T -t,02-T^,v T -t)\ 2 dx. (5.25) 

J\x\>V2k JR n k 



6 Tempered Attractors for Reaction-Diffusion Equations 

In this section, we prove the existence of tempered random attractors for problem (|4.ip - (|4.2p . We 
first derive uniform estimates for the cocycle <I> as defined by (|4.13p . 

Lemma 6.1. Suppose (Ojl - tfPj) and (I4.16P hold. Then for every r and D = {D(t,uj) : 

t G R, ui G SI} G V, there exists T = T(r, uj, D) > 1 such that for all t >T, 

-0 



\\u(t,t - t,0 2 -T^,u T -i)||tfi( R n) < c / e As z 2 (s,w) (l + ||g(s + r, -)|| 2 ) ds, (6.1) 

J —00 

where u T -t G -C( T — t,&2-t^) and c is a positive constant independent of t, ui, D and a. 
Proof. Given D = {D(t, u) : r G R, ui G SI} € T>, define a new family D for D as follows: 

D = {D(t,lo) : D(t,lo) = {v G L 2 (R") : ||v|| < z~ 1 {-t, lo)\\D(t, u)\\}, t G R,u G Si} . (6.2) 



Since D G T>, by (|4.8p one can check D also belongs to D, i.e., -D is tempered. Since u T - t G 
£)(r — t, 82 -t^), we find that v T -t = z{t — t, 02 i - T uj)u T -t satisfies 

IK-t|| = \\z(t - t,02- T uj)u T -t\\ < z' 1 ^ - T,6 2l -tuj) \\D(t - t,6 2 - t u})\\. (6.3) 

By (|6.2p - (|6.3p we see that iv-t G D(t — t,02-t^)- Since D G V, by Lemmas 15.11 and 15.41 there 
exists T = T(r, uj,D) > 1 such that for all t >T, 

\\v(t,t - t,62- T U,V T -t)\\ 2 H l {Rn ) 
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/•O rO 

<cz- 2 (-t,oj) / e Xs z 2 (s,uj)\\g(s + T,-)\\ 2 ds + cz~ 2 (-t,cj) / e Xs z 2 (s, u)ds. (6.4) 

J —oo J — oo 

Note that (jlTTOj) implies 

v(T,T-t,9 2 ,- T U,V T -t) = z(t,0 2 ,-tU) U(T,T -t,9 2 - T U;,U T -t) = Z~ {—T,U}) U(T,T -t,6 2 - T UJ,UT-t), 

which along with ()6.4j) completes the proof. □ 

By an argument similar to Lemma 16.11 one can establish the following uniform estimates on the 
tails of solutions of problem (|4.ip - (|4.2p . 

Lemma 6.2. Suppose P~3]) - P~6|) and (|4~T6|) hold. Let r € R, oo € O and D = {£>(t,w) : r G 
R,w£!]}el'. T/ien for every rj > 0, i/iere exisi T = T(t,oj, D,n) > 1 and if = K(t,lo,t]) > 1 
suc/i i/iai for all t >T, 

/ |u(r,r - t,9 2 - T uj,u T _ t )(x)\ 2 dx < n, (6.5) 

J\x\>K 

where u T -t € D(t — t,9 2 -t^)- 

Proof. Following the proof of Lemma 16.11 one can obtain (I6.5P from Lemma 15.51 directly. The 
details are omitted. □ 

Lemma 6.3. Suppose (14.3p - (14.6p and (|4.17p /io/d. Then the continuous cocycle <3? associated with 
problem (j4.1|) - (j4.2[) /ias a closed measurable D-pullback absorbing set K £P which is given by, for 
each r € R and a; £ fi, 

K{t,uj) = {ue L 2 (R n ) : ||n|| 2 < M(t,uj)}, (6.6) 
where M(t,oj) is the number given by the right-hand side of (|6. 1 j) . 

Proof. It is clear that for each r £ R, M(r, •) : SI — > R is (J 7 , £>(R))-measurable, and hence 
K(t, •) : O — > 2 H is a measurable set-valued mapping. By (|4.8p and (|4.17p . after some calculations, 
one can check that K = {K(t,oj) : r € R, w G 0} is tempered, i.e., if £ D. This along with Lemma 
16.11 shows that if is a closed measurable P-pullback absorbing set for $ in T>. □ 

We now prove the D-pullback asymptotic compactness of solutions of problem (|4.ip - (j4.2p . 

Lemma 6.4. Suppose (|4.3p - (|4.6p and (|4.17p /io/d. T/ien £/ie continuous cocycle <3? associated with 
problem (|4.ip - (|4.2p is T>-pullback asymptotically compact in L 2 (R n ) ; i/iai is, /or every r £ R, 
w G f!, D £ i„ -> oo and no, n £ — t n , 9 2 -t„u), the sequence 3>(i n , r — i n , 9 2 -t„u, no, n ) 
a convergent subsequence in L 2 (R n ). 
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Proof. Given K > 0, let Q K = {x G 1" : \x\ < K} and Q C K = R n \ Q K . By Lemma [O] we find 
that for every e > 0, r G R and cj G fi, there exist K = if(r, > 1 and Ni = Ni(t,u, D,e) > 1 
such that for all n > Ni, 

\\$(t n ,T - t n , 02-t n UJ, U0, n ) IIl 2 (Q^) < |- (6-7) 

On the other hand, By Lemma 16, II there exists N2 = ^(r, u, D, e) > N\ such that for all n > A^2, 

||$(i n ,T- i n ,^2-t„w,«o,n)llHi(Q K ) < L(t,u), 

where L(t, w) is a positive constant. Then the compact embedding H 1 (Qk) L 2 (Qk) together 
with (|6,7p implies {3>(i n ,T — i n , 62 -t n ^, uo in )}^Li has a finite covering in L 2 (R n ) of balls of radii 
less than e, and hence {$(£ n ,r — t ra , 6*2,-t n o;, tio, n )}$^Li is precompact in L 2 (R n ). □ 

We are now ready to present the existence of tempered pullback attractors for problem (I4.ip - (l4.2p . 

Theorem 6.5. Suppose ()4.3p - fj4.6j) and (|4,17p ZioW. T/ien the continuous cocycle <J> associated 
with problem (|4.1l) - (|4.2p /ias a unique D-pullback attractor A = {A(t,uj) : t G R, a; € £7} ^D in 
L 2 (R n ). Moreover, for each r G R and cj € 

.4(t,w) = 0(K,r,w) = (J Q(B,t,lj) (6.8) 

= {^(0, t, ui) : if) is a D— complete orbit 0/$}. (6.9) 

Proof. This is an immediate consequence of Lemmas 16.31 16.41 and Proposition 12.101 □ 

We now consider the periodicity of the P-pullback attractor obtained in Theorem 16.51 Suppose 
g : R -> L 2 (R n ) is T-periodic for some T > and g G L 2 ((0, T), L 2 (R n )). In this case, 5 satisfies 
(|4.17p for any 5 > and the cocycle $ is T-periodic. Indeed, for every t G R + , r G R and uj € Q, 
we have 

$(*, t + T,co,-) = u(t + r + T,t + T, 02,-t-tw, •) = u(t + r, r, 6> 2 _ T w, •) = r, w, •)• 

On the other hand, by (|6.ip we find that the P-pullback absorbing set K of $ given by (|6.6p is 
also T-periodic, i.e., K(t + T,lu) = K(t, to) for all r G R and w£(l. Then by Proposition 12.11] we 
obtain the periodicity of the P-pullback attractor which is stated below. 

Theorem 6.6. Let (|4.3p - (|4.6p hold. Suppose g : R — > L 2 (R n ) is periodic with period T > and 
5 G L 2 ((0,T),T 2 (R n )). T/ien f/ie continuous cocycle associated with problem (|4.ip - ()4.2p /10s a 
unique T-periodic D-pullback attractor A (zD in L 2 (R n ). 
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7 Convergence of Attractors for Reaction-Diffusion Equations 



In this section, we prove the upper semicontinuity of tempered attractors of problem (|4.1|) - (|4,2p 
when a — > 0. To indicate the dependence of solutions on a, we will write the solution of problem 
(|4.ip - (|4.2p as u a , and the corresponding cocycle as & a . Similarly, we write the solution of problem 

Ann-flu^ 

that is, v Q satisfies 

^ + Xv a - Av a = e~ a ^f (x,e a ^v a ) + e-^Wgfax), (7.1) 
with initial condition 

v a (r,x) = v atT (x), x E R™. (7.2) 

When a = 0, the stochastic problem (|4.ip - ([4.2|) reduces to a deterministic one: 

du 

— + Xu - Au = f(x,u) +g(t,x), (7.3) 

with initial condition 

u(t,x) = u T {x), x G R n . (7.4) 

Throughout this section, we assume a G [0, 1]. It follows from Theorem 16.51 that, for every positive 
a, <& a has a P-pullback attractor A a E P. Let $o be the continuous deterministic cocycle associated 
with problem (|7.3)) - (|7.4j) on L 2 (R n ) over (R, {Gi^teM.)- Denote by Vq the collection of tempered 
families of deterministic nonempty subsets of L 2 (R n ), i.e., 

V = {D = {D{t) C L 2 (K n ) : t £ K} : lim e ct \\D(T + = 0, VrGR, V c> 0}. 

t— oo 

Under conditions (I4.3p - (l4.6p and (I4.17p . it can be proved that <3>o has a unique Z?o-P u hback attractor 
A = {A{t) : t G R} G D in L 2 (M n ) (see [55]). Notice that the existence of £> -pullback attractors 
for is also implied by Theorem 16.51 special case. 

Given < a < 1, let K a be the D-pullback absorbing set of & a as defined by (|6.6p . i.e., 

K a = {K a (T,oj) = {u G L 2 (R n ) : \\u\\ < M a (r,u)} : r G M, w G ft} , (7.5) 
where M Q (r, w) is given by 

M a (r,o;) = c e As e- 2 ^^ (l + ||<?( S + r, -)|| 2 ) cfa) ' • (7.6) 

Note that the positive constant c in (|7.6p is independent of t, w and a. Similarly, let Kq be a 
family of subsets of L 2 (R n ) given by 

#0 = {K (t) = {u£ L 2 {R n ) : |H| < M (r)} : r G R} , (7.7) 
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where Mq(t) is the constant: 

M (r) = c( / e Xs (l + \\g(s + T,-)\\ 2 )dsY . (7i 



It is evident that Lemma [6.11 implies that Kq is a Po-pullback absorbing set of $o m £ 2 (R n ). Given 
r € R and a; € $7, denote by 

B(r,w) = {«eL 2 (R n ): ||«|| < i2(r,w)}, (7.9) 

where R(t,uj) is given by 

R(t,u) = c(J e As e 2|w(s)l (1 + ^(s + t,-)!! 2 )^ 2 . (7.10) 

By UESP-dESJ and ff7TU ]> - f[77TOp we have K a (r,u) C £(r,o;) for all a € (0,1], r G R and w € ft. 
This implies that for every r € R and uj 6 f2, 

U A*(r,^)C (J ir a (r lW )CB(T,w). (7.11) 

0<a<l 0<a<l 

By Lemma 16.11 we find that, for every < a < 1, r£R and lv € 0, there exists T > such that 
for all t > T, 

\\$a{t,T - t,9 2 - t UJ,A a (T - t,9 2 - t Uj))\\m(R") <R(t,U)), (7.12) 

where R{t,uj) is given by (|7.10p . By (|7.12p and the invariance of A a , we get that, for every r G R 
and w£0, 

IMIif^R") ^ R{t,uj) for all u£.4 q (t,u;) with < a < 1. (7-13) 
We will use (|7.13|) to prove the precompactness of the union of A a in L 2 (R n ) for < a < 1. 
In the sequel, we further assume the nonlinear function / satisfies, for all x £ R n and sGi, 

\%(x,s)\ <c\sr 2 + Mx), (7-14) 

OS 

p 

where c is a positive constant, tp4 € L°°(R n ) if p = 2, and ^4 G Lp~ 2 (R n ) if p > 2. 

We will investigate the convergence of A a as a — > 0. To that end, we first derive the convergence 
of solutions of problem (j4.1[) - (|4.2)) as a — > 0. 



Lemma 7.1. Suppose f)4.3|) - f)4.6j) and (|7.14p raoZd. Let v a and u be the solutions of (|7.ip and (j7.3|) 

TOi/i initial conditions v a ,r and u T , respectively. Then, for every r€R ; w€^ ; T>0 and e € [0, 1], 
there exists a positive number ao = ao(r, u3,T,e) such that for all a < ao and t £ [t,t + T], 

\\v a (t,T,oj,v a>T ) — u(t,r, u)\\ 2 < ce c (* _T ) \\v a>T — u T \\ 2 
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+ cee^"^ (t + ||n T || 2 + \\u a , T \\ 2 + J \\g(s, -)\\ 2 ds^ , (7.15) 
where c is a positive constant independent of t, uj, e and a. 



Proof. Let k = v Q — u. Then by (I7.ip and (IT. 3f) we get 

| + Ak-Ak = e~ a ^f (x, e M ®v a ) - f(x, u) + (e~^ - l) g(t, x). (7.16) 

Given T6l,w6O ) T>0 and e € [0, 1), since oj is continuous on R, we find that there exists 
«o = oo( T ) T, e) > such that for all a G [0, «o] and t € [r, r + T], 

| e ow(i) _ X | + | e -ow(i) _ 1| < £ . (7.17) 

Multiplying (17.16P by k and then integrating over R n , we obtain 

i|H" + *l«f + llv«f 

L-^{t)j f e ^(t) Va ] _ Kdx + C e -«-(t) - l) / g(t, x)ndx. (7.18) 

By (I4.4p -( 14T5"1) and (I7.14p we have the following estimates on the first term on the right-hand side 

of ([73§D 



[e-^fix, e aui(t) v a ) - f{x, u)) kcIx = J e- Qtj(t) (/(x, e Qa;(t) i» Q ) - f{x, e Qa;(t) u)) rcdx 
(e- QW W/(x, e aw ('»u) - /(x, e m (\)) /tdx + f (j(x, e auJ ^u) - f(x, «)) «dx 



K 2 ^(x,s)dx+ fe-^W - l) / /(x,e awW u) K dx+ fe awW - l) / Ku^-{x,s)dx 

OS V / ./ R n V / J K n dS 

<a 3 ||K|| 2 + |e- awW -1| f (a 2 e a( P- 1 ^\u\ p - 1 \K\ +ifa\K\) dx 
+ \e auj{t) - 1| f (c(l + e a(p - 2Mi) )|n| p -Vl + M U \\ K \) dx 
< a 3 \\ K \\ 2 + Cl \e~ au ^ - 1| f (e a <P- 1 W>(\uF + \v a \ p ) + \if> 2 \ 2 + N 2 ) 

+ Cl [e 0W W -1| / ({l + e a ^- 2 ^)(\u\ p + \v a \ p ) + \^ 4 \^)dx. (7.19) 
By (f77T7|> and ([7719]) we get for all a £ [0, a ] and i e [r, r + T], 

(e- auJ ^f(x, e auj(t) v a ) -f(x,u)) ndx < c 2 \\k\\ 2 + c 2 e + c 2 e [ (\u\ p + \v a \ p )dx. (7.20) 
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For the last term on the right-hand side of (|7.18p . by (|7.17p we have, for all a G [0, ao] and 
te[r,T + T], 

fe-^W-l) / g(t,x)Kdx <e\\K\\ 2 +e\\g(t,-)\\ 2 . (7.21) 
It follows from ([7TT8]) and (j735]) - ([?3I] l that for all a € [0, a ] and i G [r,r + T], 

j t M\ 2 < c 3 \\ K \\ 2 + c 4 e {\\u\% + \\v a \\l + \\g(t, -)|| 2 ) . (7.22) 
By CLS2D we get, for all a G [0, a ] and te[r,T + T], 

||^)|| 2 <e C3 ( t -^|! K (r)|| 2 + c 4 ee c;! ^ J* (K(s,r,a;,t; a>T )|| + IKs,t,OII£ + 11^, Of) ds. 

(7.23) 

On the other hand, by (|7.17p and Lemma 15.31 we obtain, for all a G [0, ao] and t G [r, r + T], 

/•* 

2 i / „2/ 



|ju Q (t,r,o;,u aiT )|| + J z (s,u)\\u a (s,T,u,u T )\\lpds 

< e x(t - T) (^~ 2auJ ^\\u a , T \\ 2 + c j\- 2auJ ( s) {l + \\g(s,-)\\ 2 )ds 

< ce x ^ (t + |K, r || 2 + J* \\g(s, .)fda) • (7.24) 
Note that Lemma 15.31 is also valid for a = 0. Therefore we have, for all t G [r, r + T], 

y ||n(s,r,« T )||^s < ce A(i ~ T) (V + \\u T \\ 2 + \\g(s,-)\\ 2 ds\ . (7.25) 

By (|7.17p we find that, for all a G [0, ao] and s G [r, r + T], 

||u Q (s,r,a;,w air )||P = z p (s,w)||ti a (s,T,a;,u air )||P < cz 2 (s,w)||-u a (s,T,w,u Qjr )||£, 

which along with (|7.24p shows that, for all a G [0, ao] and t G [r, r + T], 

|Mt,T,w,v T )|| 2 + y ||v a (s,r,w, VT )||^<ce A ( t - T ^T+||n QiT || 2 + y \\g(s, -)\\ 2 ds\ . (7.26) 
It follows from (17331) and (p35D - (17361 that, for all a G [0, a ] and t G [r, r + T], 

\\v a (t,T,u,v ajT ) - n(t,T,a;)|| 2 < e C3(t " r) |[w QiT - u T || 2 

+ c 5 ee C5(t ^ (t + \\u T \\ 2 + \\u a , T \\ 2 + £ \\g(s,-)\\ 2 ds^j . (7.27) 
This completes the proof. □ 
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As a consequence of Lemma 17. II we have the following estimates for u a (t,r,uj,u a ^ T ). 

Corollary 7.2. Suppose (JO]) and (17TT4")) hold. Then, for every r G R, oj £ Q, T > 

and e G [0,1), there exists a positive number qo = ao (t, uj, T, e) suc/i i/iai /or a// a < chq and 
te[r,T + T], 

\\u a (t,T,u),u aiT ) — u(t,T,u)\\ 2 < ce c (*~ T ) ||u QjT - — u r || 2 
+cee c ^ (t + ||u T || 2 + ||n QiT || 2 + J \\g{s, -)\\ 2 ds 
where c is a positive constant independent of t, uj, e and a. 

Proof. It follows from (f7TT7) that, for all a G [0, a ] and t G [t, r + T], 

\\u a (t,T,UJ,U aiT )-u(t,T,Uj)\\ 2 < 2\\u a (t,T,UJ,U a , T )-V a (t,T,UJ,V a , T )\\ 2 + 2\\v a (t,T,UJ,V a , T )-u(t,T,Uj) 

2 



< 2 



\v a (t,T,UJ,V a , T )\\ + 2\\v a (t,T,U),V aiT ) - u(t,T,Ul)\\ 
< 2£ 2 \\v a (t,T,UJ, V atT )\\ 2 + 2\\v a (t,T,UJ,V a , T ) ~ u(t, T, Uj) || 2 , 

which along with (|7.15p . (|7.17|) and (|7.26|) completes the proof. □ 

Next, we present uniform estimates of solutions with respect to the intensity a of noise. These 
estimates are needed for establishing the upper semicontinuity of pullback attractors. By carefully 
examining the proof of Lemmas 15.11 15.41 and 16.11 we get following uniform estimates. 

Lemma 7.3. Suppose P~3j) - ([4T6]) and (|4.16|) hold. Then for every r G M, w S fi and D = {D(t,uj) : 
t £ R, uj G Q,} £ V, there exists T = T(r, uj, D) > 1 suc/i i/iai /or all t >T and a G [0, 1], 

/■0 

||« a (T,T-t,0 2 -rW,«a,r-OllHl(R») <C / e As e 2|tj(s)l (l + || 5 (s + T, •) f) ds, 

J — oo 

where u ayT -t G -D(r — t,02-t u >) and c is a positive constant independent of r, uj, D and a. 

Based on Lemma 17.31 from the proof of Lemmas 15.51 and 16.21 we get the following estimates on 
the tails of solutions. 

Lemma 7.4. Suppose P~3]) - (j4l)|) and (|4TT6|) hold. Let r G R, uj G ft and D = {D(t,uj) : r G 
E, u; G SI} G T>. Then for every r] > 0, there exist T = T(t,uj, D,r/) > 1 and K = K(t,uj,t]) > 1 
such that for all t >T and a G [0, 1], 

n Q (r,r - t,6 2 -TU,u a ^ t ){x)\ 2 dx < 77, 

\x\>K 

where u ajT -t G D(t — t, 62 
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We now prove the precompactness of the union of pullback attractors. 

Lemma 7.5. Suppose (|4,3p - (|4.6p and (|4.17j) hold. Then for every r G K and w G £/ie union 
|J A a (r, co) is precompact in L 2 (R n ). 

0<Q<1 

Proof. We only need to show that, for every e > 0, r € M and w € the set |J A a (r, uj) has 

0<a<l 

a finite covering of balls of radius less than e. Let B be the family of subsets of L 2 (R ra ) given by 
(|7,9|) . Then it follows from Lemma 17.41 that there exist T = T(r,uj,e) > 1 and L = L(t, uj,e) > 1 
such that for all t > T and a G (0, 1], 

/ n Q (r,r - t,9 2 _ T w, n QjT _ t )(x)[ 2 da; < ^e, (7.28) 

J\x\>L 1 

where u QjT _t G B[j — t,02-t^)- By (|7.1ip and (|7.28p . we get from the invariance of A a that, for 
each r G R and u; € £7, 

/ \u{x)\ 2 dx < \e, for all u £ A a {T,uj) with < a < 1. (7.29) 

J|x|>L 2 

By ([7TT3D we see the set \J A a (T,uj) is bounded in H X (Q) with Q = {x G M n : \x\ < L}. Then 

0<a<l 

the compactness of embedding H 1 (Q) C L 2 (Q) implies that the set |J A (t,uj) has a finite 

0<O><l 

covering of balls of radii less than in L 2 (Q), which together with (|7.29p completes the proof. □ 

We are now in a position to present the upper semicontinuity of pullback attractors for the 
stochastic equation (|4.ip . 

Theorem 7.6. Suppose (|PJ| - (|P|h (jlTTfj) and (jTUD ao/d. TTien /or every r G R and ued, 

lim dist L 2™n- ) (^4 a (r,a;),^lo(' r )) = 0. (7.30) 

a— >0 v ' 

Proof. Let Kq, and Kq be the families of subsets of L 2 (M n ) given by (|7.5p and (|7.7p . respectively. 
Then we know K a is a "D-pullback absorbing set of and Kq is a Do-pullback absorbing set of 
<J> in L 2 (R n ). By ([73 |) - ([7T5]1 we have, for every r G R and u G 0, 

limsup||if a (r,a;)|| = lim sup M a (r, u) = M (r) = ||ifo(r)||. (7.31) 

a— >0 a— >0 

Take a sequence a n — > and «o,n — >■ ha L 2 (M. n ). By Corollary 17.21 we get, for every t G R + , 
r G R and cj G fi, 

$ an (t,r,w,n ,n) -►*(*, t,«o) in L 2 (R n ). (7.32) 
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From (fT3Tj) - (fT32"|) we see that $ a and $ satisfy conditions (f37T6]) - ([37T8]) . On the other hand, By 
Lemma [73] we find that A a also satisfies (|3.4p . Thus (|7,30p follows from Theorem 13,21 immediately, 

□ 
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